Transformation Field Analysis is used for the multi-scale analysis of cracking localisation in masonry. The evaluation of the corresponding consistent tangent homogenised stiffness required in acoustic tensor-based localisation analysis is derived. The average representative volume element mechanical response is studied for two sets of micro-mechanical material laws for mortar joints, based on damage and damage coupled with plasticity. Localisation analyses for stress proportional loading show that meaningful average localisation orientations are properly detected by the acoustic tensor-based loss of ellipticity criterion. The ability of the procedure to reproduce the failure envelope of running bond masonry subjected to uniform biaxial loads is demonstrated. The energetic aspects for the selection of localised solutions are discussed. It is shown that transformation field analysis yields meaningful homogenised localisation results, thereby allowing envisioning its use in nested multi-scale computations. Nomenclature A = acoustic tensor; A r = elastic mechanical concentration tensor of the sub-domain r; A r = rate form of the concentration tensor of the sub-domain r; c = cohesion of masonry joints; c r = volum fraction of the sub-domain r in the RVE; C r = stiffness matrix of the sub-domain r; C = homogenised elastic stiffness matrix; C t = homogenised tangent stiffness matrix; D = scalar damage variable; D s r = average mechanical concentration tensor of the sub-domain r associated to an inelastic eigenstrain on the sub-domain s; E = Young modulus; E = macroscopic strain tensor; f c = compressive Mode-I strength of masonry joints; f t = tensile Mode-I strength of masonry joints; G = shear modulus; G f t = Mode-I fracture energy of masonry joints (pure damage model); G cI = Mode-I fracture energy of masonry joints (damage-plastic model); G cII = Mode-II fracture energy of masonry joints; L s r = average inelastic mechanical concentration tensor of the sub-domain r due to an eigenstrain applied on the sub-domain s; 4 L e = tensorial notation of macroscopic elastic material stiffnesses; 4 L s = tensorial notation of macroscopic secant material stiffnesses; 4 L t = tensorial notation of macroscopic tangent material stiffnesses; m = strain discontinuity mode vector; n = normal vector; Q s r = average inelastic mechanical concentration tensor of the sub-domain r due to an eigenstrain applied on the sub-domain s; u = mesoscopic displacement field; V = volume of the RVE; V r = volume of the sub-domain r; x = mesoscopic position vector; x 1 = in-plane coordinate axis parallel to the bed joint; x 2 = in-plane coordinate axis perpendicular to the bed joint; δ = Kronecker symbol; = mesoscopic infinitesimal strain tensor; 2 eq = scalar equivalent strain; φ mc = friction angle of masonry joints; φ c = cap compression angle of masonry joints; κ = mesoscopic damage-driving parameter; µ = friction coefficient of masonry joints; ν = Poisson ratio; Θ = orientation of the normal to the average crack pattern; σ = mesoscopic stress tensor; Σ = average macroscopic stress tensor; 3
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Introduction
Due to the complexity and the heterogeneous nature of masonry, the design of masonry structures is essentially based on codes and rules of thumb. In this respect, modern computational methods started to emerge as valuable complements for the study of masonry structures, see for instance [1, 2, 3] . The interest in such modelling tools originates from their rational approach towards stability studies, allowing complementing the codes and the experience of the analysts. However, these computational approaches require reliable constitutive models which are difficult to formulate for masonry.
Structurally, masonry may be considered as a two-phase composite material in which bricks and mortar are assembled often in a periodic manner. This periodic mesostructure and the different elastic characteristics of its constituents render the elastic behaviour of masonry anisotropic. In addition, the weak mortar phase with the periodic arrangement leads to a stiffness degradation along preferential orientations.
As a result, the formulation of constitutive models for structural scale computations is rather delicate. Such models link average stresses to average strains and can be based on plasticity concepts [4] or damage with stiffness degradation [5] . However, phenomenological laws are often based on assumptions that are difficult to validate, and their experimental identification and quantification is usually difficult and expensive.
Such drawbacks may be partially avoided by using multi-scale approaches, where the mesoscopic and macroscopic scales of representation are intrinsically linked. Closed-form constitutive relations are then postulated at the scale of constituents, and the structural scale response of the masonry material is obtained by averaging operations. Such averaging operations have been used for masonry based on asymptotic homogenisation principles [6, 7] , computational homogenisation [8, 9, 10, 11] , or other averaging schemes [12] .
Multi-scale approaches can be used to bridge the constituents and structural scales in an uncoupled fashion by identifying macroscopic closed form material parameters from mesoscopic models. The actual structural computations are in this case performed subsequently with the macroscopic model only as in [4] . However, in addition to this parameter identification issue, formulating an accurate closed-form macroscopic constitutive law itself constitutes a difficult task. Another use of multi-scale principles therefore consists of interrogating mesostructural samples during macroscopic computations in a nested procedure. Both scales of representation are then fully coupled in the entire structural computation, and the use of an explicit formulation of constitutive equations at the structural scale is avoided. Such nested approaches were mainly developed using computational homogenisation, first for discrete damage evolution laws in classical continua [13, 14] . They were followed later by extensions of FE 2 strategies in which finite element approximations are used at both scales. A classical boundary value problem (BVP) is therefore formulated on a fine-scale unit cell for each quadrature point of a macro-structural computation. Such unit cell computations were shown to deliver microstructurally motivated average cracking orientations using material bifurcations analyses based on the homogenised tangent stiffness of the material [11, 15] .
Enhanced approaches were subsequently proposed based on continuousdiscontinuous scale transitions in order to incorporate a representation of cracking localisation at the structural scale, both for in-plane loaded structures [16, 17] and out-of-plane loaded shells [18] . Other FE 2 approaches were recently proposed based on a Cosserat formulation at the structural scale [19] , and the continuous-discontinuous approach was recently enhanced using novel boundary conditions at the RVE level.
In spite of their potential for parallel computing, FE 2 approaches remain computationally intensive. Other (approximate) methods are therefore investigated in order to derive the average response of the material in a more efficient way. Among such methods, the Transformation Field Analysis (TFA), initially presented by Dvorak [20, 21] , was used in computational homogenization by Fish and co-workers [22, 23, 24] . It was recently adapted to masonry cracking by Sacco [25] . Using the simplifying assumption of piecewise uniform inelastic deformation modes in subregions of the RVE, an efficient averaging scheme can be defined, accounting for the non-linear cracking evolution at the scale of constituents. An extension of this methodology to homogenise microstructural features towards a Cosserat macroscopic medium was proposed in [26] . Recently, a multi-scale nonlocal Cauchy model was developed and used in structural computations, showing the efficiency of the approach [27] , when nonuniform inelastic deformations were considered in the mortar cross joints.
Based on these recent developments, there is an interest in combining localisation enhanced multi-scale strategies with fast and efficient averaging schemes, avoiding the need to perform detailed fine-scale finite element computations at each iteration of the macroscopic problem. Localisationenhanced averaging schemes use a bifurcation analysis based on the averaged 5 tangent stiffness to detect the occurrence of macroscopic localisation. The objective of the present paper is thus to verify the possibility of including TFA-based averaging schemes in the frame of localisation enhanced multiscale computations, by assessing whether the assumptions introduced by the TFA methodology allow such localisation detection. As an additional development with respect to previous TFA masonry contributions, this paper will use the derivation of the homogenised tangent material stiffness from the TFA averaging scheme and its exploitation in structural scale material bifurcation analysis. Moreover, the structural scale localisation analyses will compare the results of pure damage formulations as in [15] with those based on the fine-scale constitutive formulations from [26] that combines damage degradation with plasticity.
The paper is organised as follows. Section 2 outlines the criterion used for the detection of incipient localisation at the structural scale. Section 3 presents the formulation of the fine-scale constitutive model used for the constituents, accounting both damage and damage coupled with plasticity. Section 4 next focuses on the Transformation Field Analysis methodology, with a special emphasis on the derivation of the homogenised tangent stiffness. Based on the localisation detection criterion defined in Section 2 and on the averaging procedure presented in Section 4, homogenisation results are presented in Section 5. Localisation analyses are performed on the RVE reponses obtained with the fine-scale laws presented in Section 3, and a failure envelope obtained with the TFA approach is presented. Finally, Section 6 discusses the incorporation of the localisation-enhanced TFA approach in structural bifurcation analyses, before conclusions are drawn in Section 7.
Conditions for localisation as a material bifurcation
The localisation of plastic deformation and damage growth can be interpreted as a material bifurcation, that can be detected based on the search for the existence of at least two equilibrium paths. The conditions under which the appearance of a strain discontinuity is possible [28, 29] are used for this purpose.
Such criteria can be applied for closed-form constitutive laws as well as for average material responses. From this point, uppercase symbols are used to denote structural quantities obtained by averaging procedures. Consider a body Ω, in Figure 1 , under a uniform stress state Σ, split in two sub-regions Ω + and Ω − by a surface S. Assuming that the material in the '+' sub-region 6 continues to load (i.e. to dissipate energy), two cases can be considered for the other sub-region: (i) the case for which this sub-region also keeps loading, initially with the same tangent stiffness but in a different straining direction from that in the Ω + sub-region, and (ii) the case to which it unloads elastically (or according to some damaged secant stiffness). The former is called a 'continuous bifurcation' while the latter loading-unloading bifurcation is therefore referred to as a 'discontinuous bifurcation'. A continuous bifurcation can be detected based on the tangent material stiffness. Equilibrium at the interface between the localising and nonlocalising sub-regions reads n.
where n is the normal to the surface S. The continuity of the displacement field requires the strain rate jump across S to be of the form
where m is a strain mode vector, that vanishes in the initial, homogeneous situation, and must become nonzero for a localised state to exist. Assuming the same material tangent for both sub-regions, the traction continuity requirement (1) becomes
Introducing (2) into (3) and taking into account the right minor symmetry of 4 L t , the traction continuity requirement yields n.
For a strain discontinuity to appear, this system of equations should admit a non trivial solution for some direction n, which is only possible if
for some n. This condition was used in many computational procedures in order to identify the load level and the orientations as from which localisation way appear, see [30] for instance.
For the discontinuous case, the material tangent 4 L t is no longer identical on both sides of S. For non-associative plasticity the set of orientations n for which discontinuous localisation may appear was shown in [29, 31] to be extended to the inequality condition det n.
Since initially 4 L t is positive-definite, this condition is first met when the equality holds for some n. The conditions for the onset of discontinuous bifurcation conditions were exploited for specific types of plastic constitutive laws. Closed-form expressions of the critical value of the hardening modulus were derived for non-associated plasticity under plane stress and plane strain configurations in [32, 33] . This discontinuous bifurcation criterion was subsequently used for localisation detection with stiffness degradation models in [34] . For damage however, the unloading stiffness depends on the damaged state, which renders the derivation of closed-form expressions complex. It can be shown for (single-scaled) closed-form energy release rate-based damage formulations that the condition (6) rigorously matches a discontinuous bifurcation, as illustrated in Appendix A.
Fine-scale constitutive laws
Masonry can be seen as a periodic composite material composed of bricks and mortar joints acting as weak spots in the microstructure. The interactions between both constituents are complex because of the damage and fracture process in the mortar joints or at the interface between the mortar and the brick, both under mode-I and mode-II loading. In the frame of an homogenisation procedure, constitutive laws for each constituents are required.
A runnning bond masonry unit cell will be used in the present contribution as represented in Figure 2 .
Brick
The brick material will here be considered elastic with a constitutive law denoted as
where C B represents its stiffness matrix and where σ B = {σ T are the local stresses and strains, respectively.
Pure damage law for mortar joints
First, a stiffness degradation model is introduced, in analogy with the interface model used in [15] in the frame of computational homogenisation. The strain-stress relationship is formulated as
where
T are the local stresses and strains in the mortar joint and D is the damage parameter affecting the stiffness. A damage criterion is used to determine whether a change of stress state is accompanied with a damage evolution. In the stress space (σ N , τ N T ), this criterion consists of a Mohr-Coulomb criterion complemented with a tension cut-off and a compressive crushing compressive cap as represented in Figure 3 . It is complemented by a Mohr-Coulomb criterion formulated in terms of the longitudinal stress as well, i.e. in the stress space (σ T , τ N T ). The strength parameters of the model f t and f c are, respectively, the tensile and compressive strengths of the mortar joint, c is the cohesion, φ mc is the friction angle, and φ c is the angle that defines the linear compression cap.
A damage evolution law with exponential sotening is considered for the mortar joint as
where G f t is the mode-I fracture energy. Relationship (9) expresses the evolution of the scalar damage variable D as a function of the damage-driving parameter κ which is taken as the most critical value of an equivalent strain reflecting the damage criterion translated into the strain space. The equivalent strain, expressing this criterion with strain space is defined as
with eq = max
where T , N and γ N T are the longitudinal, normal and shear strain, respectively. E and G are the Young and shear modulus of the mortar joint.
Note that the stress-strain relationship can be reformulated in the following format for subsequent use in the TFA approach
where in = D M is the inelastic strain that accounts for the damage effect.
Damage-plastic law for mortar joints
The constitutive law used for the mortar joints (represented in Figure 4 ) is based on the development by [35] . The quasi-brittle behavior of joints with unilateral effect requires accounting for two distinct phenomena associated with tensile failure (mode-I loading) and with shear failure (mode-II loading). As performed in [25] , it is assumed that the representative area A of the mortar joint can be decomposed into an undamaged part (1 − D)A and a damaged part DA, where D is the damage parameter. Based on this decomposition, the stress-strain law is written as
where σ u and σ d are the stresses in their undamaged and damaged parts, respectively. The stress-strain relationships for the undamaged and damaged parts are given by
with
in which h(•) is the Heaviside function, i.e. h(x) = 0 if x 0 and h(x) = 1 if x > 0. The constitutive law in the mortar joint can also be written in the simplified format:
Inelastic stress-strain relationship
The inelastic strain in is defined on the damaged part of the mortar joint which combines all the nonlinearities due to the damage and friction. Unilateral contact conditions defined in (15) are imposed along the joint to prevent the interpenetration of the microstructure constituents under compressive loading. Several criteria can be used to evaluate the inelastic slip strain component. The commonly used Mohr-Coulomb yield criterion depicted in the Figure 5 will be used here. The inelastic slip strain component γ p N T is governed by:
where µ is the friction coefficient andλ is a plastic multiplier.
Damage evolution
The damage evolution in the mortar joints is based on the criterion proposed by [36] and specialised for the case of masonry by [25] . The criterion and evolution laws are illustrated in Figures 4 and 5. The history-dependent internal variable D is introduced to represent the state of damage in the inelastic joints. It is expressed by:
where 
Transformation Field Analysis (TFA)
For composite materials with periodic microstructure, a representative volume element (RVE) or unit-cell can be used to extract the collective, averaged behaviour of constituents of the microstructure. In multi-scale FE 2 computational techniques, such an average response is used at each integration point of the (macro)structural problem. A unit-cell problem therefore has to be solved based on the macroscopic strain obtained in the structural calculation [37, 38] .
In FE 2 strategies, the RVE can be seen as a material model containing a high number of internal variables. Fully computational nested multi-scale strategies are however rather computationally intensive, and the Transformation Field Analysis (TFA) is a potential alternative to reduce the cost of fine-scale computations. This method aims at dealing with the problem of the large number of internal variables by assuming that local quantities such as inelastic strains and damage, are uniform in a priori defined sub-domains or phases of the composite. In order to describe the local fields, the unit cell is thus subdivided into sub-domains, each of which consists of an individual phase or a portion of individual phase. Under the assumption of piecewise uniform mechanical stimuli and based on a superposition principle of elastic and inelastic effects, the stress redistribution in the constituents can be evaluated based on concentration tensors deduced from (elastic) off-line finite element computations. The elastic concentration tensors can be obtained by regular (periodic) linear elastic micromechanical analyses. The inelastic strain concentrators associated to inelastic strains in the nonlinearly behaving phases (mortar joints) can be deduced from the unit cell strain fields associated with a unit eigenstrain applied to these phases. Based on this principle, a nonlinear homogenisation model was proposed recently in [25] , incorporating damage and plasticity to compute the response of the masonry subjected to cyclic loading. This framework, complemented by the derivation of the homogenised tangent stiffness will be used here in order to perform the localisation analyses based on the localisation criteria presented in Section 2.
Evaluation of local and overall fields
For the case of running bond masonry, a RVE of volume V with 7 subdomains is considered with V = n r=1 V r with n = 1 . . . 7, see (Figure 2 ). The volumes are denoted V B , r = 1 for the (elastic) brick material, and V M s with s = 1, 2, · · · 6, r = 2, · · · , 7 for the (inelastic) mortar joints, split between the (elongated) head and bed mortar joints, and the cross-joints (i.e. the parts of the mortar located at the intersection between the head and bed joints). The TFA approach used here will make use of piecewise uniform mechanical fields inside each sub-domain. This assumption might be too crude for the cross-joints, especially in the case of thick mortar joints or stiff units as noted by [12] . The cross joints will therefore be considered as sub-domains distinct from the remainder of the mortar joints and modelled with a negligible stiffness compared to the other mortar joint phases. The overall and local fields are connected by
Under such assumptions, Eq. (23) is reduced to the discrete form:
where the volume fractions of the sub-domains in the RVE are given by c r = V r /V , and where overlined quantities with the subscript r denote averages on the phase denoted by r. Periodic boundary conditions are imposed on V by assuming a displacement field u = {u 1 u 2 } T with the form:
where u 1 , u 2 are fluctuation fields, and where periodic constraints are imposed on these fluctuations
The associated strain field within the RVE is written as
The average over V of the part of the strain associated to the displacement fluctuation u vanishes, i.e. V (x 1 , x 2 )dV = 0. The overall behaviour of the RVE is determined by superposing the effects when it is subjected to both an average elastic strain E e and a uniform inelastic strain in in each of the nonlinearly behaving sub-domains, letting the RVE free to deform.
In the elastic regime, the elastic strain field caused at any point (x 1 , x 2 ) in V when the unit-cell is subjected only to the average elastic strain E e is given by
where A(x 1 , x 2 ) is the usual (elastic) mechanical concentration tensor that can easily be computed by classical periodic computational homogenisation. When the behaviour considered is purely elastic (zero inelastic eigenstrain), the phase-averaged local elastic strain in each sub-domain e r is connected to the overall elastic strain by the mechanical concentration tensors for brick and mortar phases in the discrete form: 
The overall average stress field associated to the presence of the elastic strain can be obtained as:
where C represents the homogenised elastic stiffness which is obtained in terms of the local elastic stiffnesses C r and of the averaged concentration tensor A r for each phases as
To determine the concentration tensors projecting the inelastic strains inside the subregions into the entire RVE, an average inelastic strain in s is prescribed in the mortar joints M s , with s = 1, 2, ...6, and the strain field in the entire RVE resulting from in s with a vanishing overall stress is given by
where D s is the mechanical concentration tensor associated to the presence of the inelastic strain in s in the joint M s . The mechanical concentration tensor D s can be determined by considering a complementary loading configuration where the free overall deformation due to the inelastic eigenstrain in a phase s is counterbalanced by an overall elastic stress. In this configuration, the mechanical concentration tensor associated to the inelastic eigenstrain is denoted by Q s and can be therefore determined by elastic computations. The average stress state in each phase can be deduced from the elastic deformation state induced by the eigenstrain where δ (r−1)s is the Kronecker symbol with δ (r−1)s = 1 if s = r − 1 and 0 otherwise, I is the unit matrix, and where Q s r is the average of Q s over the volume of sub-domain r. As shown in details in [25] , the mechanical concentration tensor D s associated to an inelastic eigenstrain in phase s can therefore be obtained as
where D s is the average of D s on the entire RVE, Q s is the concentration tensor giving the strain at any point of the RVE due to an eigenstrain applied on the nonlinearly behaving sub-domain s (a mortar joint), and Q s r is its average over the volume of sub-domain r.
A superposition principle is used to combine the elastic and inelastic effects and to allow computing the overall response of the RVE. Taking into account the presence of both the average elastic strain E e applied to the RVE and the average inelastic strain contributions 
Based on such average strains in each sub-domain, the corresponding average stresses in these sub-domains can be evaluated according to the constitutive laws ( [7] , [12] )
from which the overall average strain E and stress Σ in the unit cell can be evaluated from relationship (24) . Decomposing further the homogenised elastic strain in (38) according to
an expression involving the total strain on the RVE and the inelastic strains in the nonlinear phases is obtained as
In Section 3, general assumptions were presented to describe the mechanical behaviour of the mortar joints and the brick materials. The incorporation in the TFA averaging scheme of the pure damage constitutive formulation is thus based on the following set of equations
with the definition of the equivalent strain given by equation (11), and with the overall stresses and strains deduced from volume averaging of the piecewise constant fields inside the phases. A similar set of equations has to be considered for the damage plastic mortar model, with the last three equations of (43) being replaced by relations (13)- (22) . Note that in relationships (43), the inelastic strain in the mortar phases is given with respect to a local frame (T, N ). The inelastic strain components in the global frame (x 1 , x 2 ) are computed based on the rotation matrix R between the both frames as
TFA solution procedure
This section summarises the formulation of the transformation field analysis associated with the nonlinear problem defined by (43) . The TFA methodology requires the calculation of the concentration tensors. Finite element computations can be used off-line to compute the overal constitutive matrix and the concentration tensors. Then, an on-line nonlinear step-by-step procedure is used to compute the elastic and inelastic strains in the different phases as proposed in [25] . Note that this procedure is defined for the case of the damage-plastic constitutive laws of the mortar joints. For the case of pure damage, the last two steps related to the local plastic problem are not relevant.
A backward-Euler implicit integration method is used for the integration of the constitutive model. The solution at the current t n+1 = t n + ∆t is obtained from the previous time step t n [39] . The plastic multiplier increment ∆λ is obtained by applying the return mapping principle with a simplified procedure defined in [35] . The system of equations is solved using an iterative procedure, each iteration consisting of three steps:
(i) in the first step the damage parameter D (18), is evaluated keeping the inelastic strain in in the mortar joint frozen. A trial damage is thus evaluated considering an inelastic strain equal to the one determined at the previous increment time t n , i.e. (ii) in the second step the unilateral contact conditions are considered, taking into account the updated damage parameter D and average strain vector while considering the plastic slip strain γ p as frozen, i.e. γ 
If the yield condition is violated, the plastic multiplier increment is computed and the plastic slip strain component is corrected.
Within each iteration, the time-dependent variables (i.e. the inelastic strains) are evaluated at time t n+1 . If the residual error associated with (41) is less than the specified tolerance T OL, the iterative procedure is stopped. Otherwise, a new value of the average strains in the inelastic phase are updated using (38) and the iterative process is restarted from step (i). This procedure is illustrated in Figure 6 , and its details can be obtained from [25] .
Homogenised consistent tangent stiffness
In addition to being needed to preserve the quadratic convergence of Newton iterations subsequent multi-scale structural computations, the homogenised tangent stiffness of the RVE is required for localisation analyses as presented in Section 2. The rate form of the concentration tensor for phase r denoted A r is defined as˙
where the A r quantity depends on the current state of the phases inside the RVE. This concentration tensor can be computed for a given state of the phases of the RVE as follows. Differentiating relation (41), one obtainṡ
Isolating in s in constitutive relation (39) and differentiating the result yieldṡ in s
where C s t , s = 1, 2, ...6 are the tangent stiffnesses of the mortar phases which can be obtained by the determination of the rate form of the constitutive equations given in (13) . The average total strain rate of the inelastic phase, s , s = 1, 2, ...6, dependent on the overall average strain is expressed in (46) . Substituting (48) in (47), the rate concentration tensor of sub-domain r can be expressed as
Relationship (49) shows that the rate concentration tensors A r , r = 1, 2, ...7, depend on the tangent concentration tensors of the inelastic phases A s , s = 1, 2, ...6, and on the phase geometry and tangent stiffnesses. Relation (49) actually represent a linear system of equations from which the rate form of the concentration tensors can easily be obtained. The homogenised tangent stiffness is the volume average of the tangent stiffnesses inside the RVE [40] . Similarly to relation (32) this homogenised tangent stiffness can be written
where C t and C r t are respectively the homogenised and local tangent stiffness tensors which depend on the current stress and deformation state. The tangent stiffness of each phase can be derived from the relationships presented in Section 3. A detailed description of all the terms of this differentiation can be found in [35] .
Applications

Localisation analysis for pure damage mortar laws
Based on the TFA homogenisation procedure described in Section 4 together with the extraction of the consistent tangent stiffness, localisation analyses are now performed on masonry unit cells using the damage laws described in Section 3.2. Two loading cases are considered leading to different microstructural failure patterns: (i) a vertical tensile test leading to horizontal cracking through bed joints, and (ii) vertical compression combined with shear leading to a staircase cracking mode.
To compare the results obtained here with previously published localisation analyses in which periodic computational homogenisation was used, the computations have to be performed with stress-controlled proportional loading. As the TFA procedure described above is strain-driven, a structural computation is used to allow prescribing a proportional stress path. A structure is uniformly loaded with the material response of all its Gauss points computed using the TFA procedure. This allows tracing its response far into the softening regime by means of an arc-length control at the structural scale, and hence to deduce its average stress-strain response in the softening range. The off-line computation of the concentration tensors is performed with a finite element mesh of the unit cell consisting of 1125 nodes with 1056 four-noded quadrilateral plane stress elements.
The proposed TFA algorithm inherently assumes piecewise uniform mechanical fields inside the RVE. As already mentioned [12] , this assumption is too crude for the cross-joint (i.e. the part of the mortar located at the intersection between the head and bed joints), especially in the case of thick mortar joints or stiff units [27] . As a result, in the present study, the cross joints are attributed a negligible stiffness compared to the other mortar joint phases, on the order of 1 Pa. Note that this assumption may be motivated from a practical viewpoint in case of a poorer craftsmanship for such cross joints.
The geometry and material parameters of the masonry considered here were taken from [1] . The brick has dimensions b×h×e equal to 210×52×100 (mm 3 ) and mortar joints are 10 mm thick. Based on these geometrical dimensions, the theoretical average orientations of the bed joint and staircase failure modes can be determined. For the bed joint failure, an average crack normal orientation of 90
• is expected, while the brick and joints geometries prescribe a 60.59
• average orientation for the normal associated with the staircase cracking mode. These are the orientations one would like to recover from a localisation analysis based on the homogenised consistent tangent stiffness of the RVE obtained by the TFA averaging scheme. In this section, the use of a pure damage formulation with exponential softening allows comparing the obtained results with the results reported in [15] . The materials parameters used for this pure damage model are reported in Table 1 .
The progressive response of the RVE under vertical tension is reported in Figure 7 , together with the progressive degradation of the microstructure and the corresponding acoustic tensor determinant spectrum in Figure 8 . As can be seen, a potential bifurcation in the averaged behaviour of the cell is detected by the acoustic tensor criterion as soon as damage is initiatied in the bed joints. Note that due to its very low stiffness value, the influence of the cross joint is indeed negligible. According to the acoustic tensor criterion associated to a discontinuous bifurcation, all the orientations for which the acoustic tensor determinant is negative are potential localisation orientations. In the present case, the theoretical orientation is at 90
• , which matches a local maximum in the negative range at damage initiation, see Figure 8 (b). This means that the introduction of a discontinuity in a structural scale computation in the spirit of [15, 17] should select an orientation matching the local maximum in the negative part of the acoustic spectrum. This fact is confirmed by the spectrum corresponding to states (c) and (d) further in the softening regime.
The response of the RVE under stress proportional loading of vertical compression combined with an equal amount of shear is depicted in Figure  9 , with the microstructural damage states and acoustic tensor spectrum described in Figure 10 . These figures show that damage is first initiated in the bed joint, followed by a part of the head joint to subsequently form the staircase crack pattern. The onset of localisation is reached when the bed joint part of the staircase cracking starts damaging, as illustrated in Figure  10b . At this stage, two separate fans of orientations are associated with a negative sign of the acoustic tensor determinant. Within these orientations admissible for localisation, the local minimum is close to the theoretical (geometrical) orientation of the staircase crack. This is further confirmed by states (c) and (d) further in the softening range in Figure 10 . In contrast with the vertical tension state, no local maximum shows up in the negative range. The geometrically motivated orientation this time matches a minimum of the spectrum in the negative range. It is noted that the orientation corresponding to the local minimum is the one that should be selected to match the average orientation of the fine scale damage pattern, and not the global minimum orientation as could be expected when having a continuous bifurcation in mind. The evolution of the acoustic tensor spectrum is fully consistent for this loading case with the results reported in [15] , where the lowest eigenvalue of the acoustic tensor was used.
Localisation analysis for damage-plastic mortar laws
Further to the results obtained for a pure damage mortar law, the vertical compression and shearing case is now analysed with the plastic-damage mortar law. The motivation for this test resides in the fact that the bed joint failure may give rise to dry friction controlled both by shearing and the vertical compression. In such a case, a plastic law allows for a better representation for this stage of the degradation process. Furthermore, the formulation of the plastic-damage behaviour of mortar joints in Section 3.3 allows for an independent representation of the mode-II fracture energy. This allows verifying whether the introduction of plasticity alters the selection of the proper localisation orientation by the acoustic tensor criterion. The materials parameters used in this illustration are reported in Table 2 .
The corresponding results are depicted in Figures 11 and 12 with the stress proportional loading of vertical compression combined with an equal amount of shear. Note that the shear stress component is found to vanish when the damage is complete because load acting on the RVE is proportional.
The chosen parameters for the damage-plastic law lead to a slightly different sequence of damage development with respect to the pure damage case. This time, damage first appears in the two bed joints instead of one. Subsequently, the staircase cracking pattern develops by simultaneously damaging the head joint and a part of the bed joints, see Figure 12 (b). The damage evolution in the part of the bed joint not belonging to the right staircase crack is stopped as from state (b). As can be seen from Figure 12(d) , the plastic slip exclusively occurs on the part of the bed joint involved in the staircase.
The acoustic tensor spectrum evolution shows that the introduction of plasticity indeed alters the extraction of localisation orientations. As from the percolation of a continuous degradation path in the unit cell, a fan of orientations yields a negative acoustic tensor determinant. Within this fan, three extrema are present: a global minimum, a local minimum, and a local maximum. All these stationary points appear simultaneously after the peak of the mechanical response. It is emphasized that the geometrical average orientation of the staircase crack pattern is this time aligned with the orientation correspoding with the local minimum. This seems consistent with the result obtained with the pure damage model. This is however different from the results for the staircase crack pattern obtained with pure damage models for the case of shell descriptions as reported in [11] , where the geometrical localisation orientation was aligned with local maxima.
Homogenisation of strength properties
Based on the same procedure with stress-controlled proportional loading, the TFA approach can be used to produce a failure envelope for in-plane loading of masonry. An attempt is performed here to qualitatively reproduce the experimental failure envelope for non-shearing overall stress states reported in [41] . To this end, the bricks were chosen here with dimensions 165 mm x 52 mm x 100 mm and mortar joints are assumed with a thickness of 10 mm. The pure damage model presented in Section 3.2 with exponential softening is used in this section. The values of the material parameters used in the cohesive zone model are given in Table 3 . These values were obtained from experiments lead by [42] or retrieved from various sources from the literature as for instance [43] based on the composition of mortar.
The computational envelope is built based on the maximum load-bearing capacity under proportional loading reached for each loading direction, and is represented in Figure 13 , where each cross represents a TFA unit cell computation. The shaded area in this figure represents the experimentally obtained envelope with its scatter from [41] . The quantitative agreement is fairly good in the three tension related quadrants. The difference in the horizontal compressive strength is linked to the definition of failure used for this loading direction in [41] , which was identified through the failure of bed joints and not on the basis of the load-bearing capacity as done here. In the biaxial compressive range, the non-symmetric shape of the envelope with respect to the equibiaxial compression axis is captured. Differences in the aspect ratio of the bricks with respect to the experiments may explain this deviation in the biaxial compressive range. This attempt however remains qualitative, and by no means pretends to reproduce the true failure mechanism under dominant compressive stress states. This is due to the phenomenological introduction of the masonry (composite) compressive failure stress as the compressive failure stress of mortar, while compressive failure is actually associated with the vertical brick cracking or even spalling.
Nevertheless, the TFA averaging scheme seems to yield a viable way for identifying of the material parameters of macroscopic failure envelopes in the tension-related stress states. The computational efficiency of the procedure may also be seen as a potential investigation tool for the assessment of uncertainties propagation from the constituent scale to the structural strength parameters.
Discussion
The results obtained in Section 5.1 show that the localisation analysis based on the TFA homogenised results allows deriving physically meaningful average cracking orientations. These results are based on a continued loading of the RVE even after the localisation criterion is met, without explicitly incorporating this structural localisation in the mechanical response in a structural scale computation. The RVE mechanical response is therefore now incorporated in simple structural computations for uniformly loaded structures. The objective is to perform the branching towards a localised structural response for various orientations chosen among those candidate for localisation, and to deduce the most critical solution based on the extraction of the variation of supplied work.
To this end, a square structure composed of two triangle finite elements is loaded under uniform compression and shearing. The behaviour of the quadrature points is deduced from the response of the RVE obtained by the TFA procedure. When the RVE average response reaches a state in which a bifurcation is possible, an embedded strong displacement discontinuity is introduced in each of the triangular elements, using a procedure similar to that proposed in [18] for shell descriptions. In this procedure, structural scale discontinuities are allowed to rotate after their introduction if the acoustic tensor analysis indicates a change in the localisation orientation. To draw accurate conclusions from the extraction of the incremental energy supply, the discontinuities are forced to remain continuous across the element boundaries, unlike in [18] . Note that this could have been performed using an XFEM approach as proposed in [44] .
For each of the damage and damage-plastic cases, bifurcated solutions are traced for the extrema appearing in the acoustic tensor spectrum in the negative range.
For the pure damage case, the average shear responses of the different solutions is depicted in Figure 14 (a). Note that this figure does not allow detecting the most critical path upon bifurcation, as the average response consists in a multiaxial stress state and only the shearing part is represented. In order to identify the most critical path, the incremental work supplied to the structure at the discontinuity introduction was computed and is reported in Figure 14(b) . A strong step refinement was used to properly evaluate the work variation at the bifurcation. In the pure damage case, two extrema are found on the acoustic tensor spectrum. As can be seen in Figure 14(b) , the localised solutions with discontinuity orientations corresponding to these minima are both more critical than the fundamental path. The incremental energy supply is the lowest for the introduction of a discontinuity with an orientation matching the local minimum of the acoustic tensor determinant spectrum. As mentioned earlier, this orientation matches closely the geometrical orientation of the staircase crack pattern developing the in RVE. This is further illustrated in Figure 14(c) , where the orientation evolution of the discontinuity orientation versus total shear strain is given for both localised solutions. As expected based on the localisation analysis from Section 5.1, the local minimum of the spectrum is consistent with both the fine-scale damage pattern and the minimal incremental energy supply criterion. This result is consistent with the information reported in [15] where a similar analysis was performed with finite element-based computational homogenisation.
The situation is slightly different when plasticity is incorporated in the fine-scale constitutive setting. In that case, bifurcated solutions can be computed for all three extrema of the acoustic tensor in the negative range (two minima and one maximum), see Figure 15 (c). The shearing responses of the fundamental and bifurcated solutions are depicted in Figure 15(a) , while the corresponding incremental work variations are reported in Figure 15b . Again, the shearing response cannot be used to determine the most critical solution in a multiaxial stress state. In Figure 15(b) , the lowest incremental energy supply is found for the discontinuity with an orientation defined by the global minimum of the acoustic tensor spectrum. This is in contrast with the result obtained for the pure damage case. Although this difference cannot be attributed in a rigourous manner to the presence of plasticity, the presence of dry friction in the bed joint is a salient difference of this fine-scale model with respect to the pure damage one.
The conclusion from this bifurcation analysis has consequences for the use of RVE computations in nested multi-scale computational frameworks. Even though negative extrema are found at orientations matching the visually developing failure pattern, the energetic criterion for the selection of the localised path suggests that other orientation should be selected. In relation with the criterion for discontinuous bifurcation, this bifurcation analysis suggests that the orientation matching the lowest negative minimum of the acoustic tensor should not always be selected as the most critical orientation. Similar bifurcation analysis was performed for out-of-plane loaded masonry shells in [45] leading to the same conclusion.
Conclusion
In view of the potential of currently developed multi-scale computational schemes, the performance of the fast and efficient Transformation Field Analysis (TFA) was scrutinised for detecting cracking structural localisation in masonry computations. The use of acoustic tensor-based structural localisation analyses requires the proper derivation of the homogenised consistent tangent stiffness operator of the RVE.
The derivation of this homogenised tangent stiffness was presented and applied for localisation analyses for two sets of fine-scale mortar laws, incorporating pure damage and damage-plastic behaviour respectively. For both sets of nonlinear laws applied for mortar joints, these localisation analyses were shown to detect localisation orientations consistent with the fine-scale degradation patterns. For the pure damage case, these orientations were also shown to be consistent with previously results using fully periodic computational homogenisation [15] . It was also shown that the failure locus obtained from the micro-mechanical pure damage model as the locus of maximum load carrying capacity of the RVE under proportional loading qualitatively reproduces the experimental results for non-shearing overall stress states reported in [41] . It could be remarked that the damage model includes failure in compression while the damage-plasticity model does not. This fact significantly influences the localisation analysis and the definition of the overall yield locus (mainly in compression), much more than the presence of friction.
Different localisation orientations detected by the discontinuous bifurcation conditions were tested with respect to energy criteria to define the most critical orientations under proportional loading. Among the extrema of the acoustic tensor eigenspectrum detected as potential localisation orientations, the most critical solution was shown to match the expected orientation, i.e. the one defined by the fine-scale degradation pattern.
As an extension of the present work, the Nonuniform Transformation Field Analysis (NTFA) proposed in [46] and [47] for nonlinear composite materials, could be investigated in future works, which would avoid assuming a negligible stiffness of the cross-joint. This assumption was introduced here in order to prevent the assumption of a uniform deformation mode of the cross-joint from overestimating the stiffness of this subregion. A trapezoidal deformation mode was indeed shown necessary in [12] for running bond masonry. Note that the same type of issue might be even more crucial if a 3D extension of the framework is intended. Further enhancement would consist in the introduction of the failure of the brick and the 3D effects, in order to account for the correct collapse mechanism in compression. Thanks to the efficiency of the TFA approach, another extension of the proposed framework is the incorporation of fine-scale material uncertainties in the multi-scale analysis of masonry materials to deduce structural strength parameters scattering. 
(1)
(2) This is a quadratic form based on the inverse of the so-called acoustic tensor built from the material tangent operator. For the particular case of damage law considered here, this tangent operator is symmetric. As a consequence, for this quadratic form to be negative definite, it is necessary and sufficient for the acoustic tensor to become non positive definite. This condition is the same as the condition (6) derived for the plasticity theory. Note however that this proof cannot be extended to general cases. For general scalar damage models, not based on a normalised energy release rate criterion, the inequalities (A.4) could still lead to a quadratic form in the final discontinuous bifurcation condition. In a general case however, the tangent material operator is not symmetric, and the derivation cannot lead to a necessary and sufficient condition.
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